1. Introduction. Consider a sequence of functions u n (x) belonging to the real Hilbert Space L 2 (0,1) . Suppose the range of every u n (x) is contained in the bounded interval [a,b] . Then the u n (x) are uniformly bounded in the norm. The same is of course true for the functions [u n (x)Y, for any fixed positive integral exponent i. Since the unit sphere in L 2 (0,1) is weakly compact we can find (by repeatedly constructing convergent subsequences and using the diagonal process) a new sequence of functions 1 v l (x) such that for an appropriate subsequence (x) Y -^ v*(x) weakly for all ii We shall show that a necessary and sufficient condition is that the v\x) satisfy a positiveness Condition P:
Condition P. For every polynomial p(t) = ]£j =0 aft nonnegative on the closed set F, the function 2?=o^*^*(^) ^ 0 p.p. on (0,1). (We define v\x) = 1).
Note that the interval [a, b] has been replaced by the arbitrary closed set F. The result will be seen to be valid in L 2 (-oo, oo) Evidently ^^(t) is monotonically nondecreasing, is constant where ty has a jump, and has a jump where ty is constant.
It is well known (and easily verified) that for such functions ty(x), and for f(x) continuous, that
<2)
in the sense that if the former integral exists, and converges absolutely, the latter exists, and the two are equal.
We shall also say that x is a point of increase of the nondecreasing function ty(x), if for every neighborhood (a, b) of x, ^(6) > ^(a).
In order to prove our main theorem we need a lemma. so that we may assume that infi/r(#) = 0 and sup^(cc) = l. Define
is defined on (0,1) and takes on values in F. Now making use of relation (2), we have Proof. Consider the restriction of the v*(x) to the interval G/M, U + l)ln), OgiSw-1. Momentarily fix j and n. By appealing" to the corollary of Lemma 1 we can construct functions Since i was arbitrary we have proved our theorem.
COROLLARY. Proof. Consider the restriction of the v l (x) to the interval O'M, (i + l)/w) where i is any integer, positive, negative, or zero. We can construct functions p nj (x) as above, and for fixed i, define the function f n (x) by
The conclusion of Theorem 2 remains valid in
Once we have shown that \\f n \\< M for all n and some M < oo, we •can appeal to the corollary of Theorem 1, define u n (x) as above, and obtain the desired result. But
(as) 6 L(-oo, oo) by hypothesis, the proof is complete. We shall now summarize Theorem 2 and its corollary, together with a, converse, in one result: Proof. The sufficiency has already been shown. To prove the necessity note that the weak limit of nonnegative functions is nonnegative p.p. Also, if c and
weakly by hypothesis (2) . [w w (#)] 2i e L(Q, oo) by hypothesis (1), so that -v 2i is the weak limit of functions in L(0, oo). By hypothesis (2)
Again by hypothesis (2), the ||[w n (o0]*|| are bounded for fixed i, so that 4. Generalizations to multiple sequences. We now proceed to multiple sequences of functions
In order to simplify the notation we shall restrict ourselves to double sequence v ij (x) , but the generalization to higher order sequences will be self evident.
We have a two-dimensional analog of Condition P: Before proving an analog of Theorem 3 we shall prove a lemma, based on a result of Halmos and von Neumann [1, § 2] , This is a twodimensional version of Lemma 1. [1] for definition of an atom), every atom may be shown to consist of a point, plus a set of ^ measure zero. These "atomic points" are either finite or denumerably infinite in number. Denote them by P if and let P = \Ji{Pi}. Clearly P a F. If we define the measure ^ by ^(A) = ty(A) -ty(A n P)> ir is non-atomic. Say 'HP) -Ti&iPi) = PFrom relation (1) with i = j = 0, we have ^r(F) = ty{E 2 ) = 6 OO = l r so that f(F) = 1 -p. There is a one-to-one mapping 4> from almost all of the interval (0,1 -p) onto almost all of F, such that B x is a Borel subset of (0,1 -p) [1, Theorem 2] . We can easily construct a map <f> from (1 -p, 1) onto P, such that m^" 1^) ) = (Pi). If we define 4> -0 U 4>, Then <£ has the following properties: </ > maps almost all of (0,1) onto almost all of F, such that if A c F and A e ^, tfr^A) is a Borel set, and m(4r\A)) = ^(A). Let p(£) be the projection of </>(£) on the cc-axis, and \(t) the projection on the 7/-axis. Then it follows that p(t) and A,(i) satisfy conditions (a), (b), and (c).
LEMMA 2. Let v ij (t) be a double sequence of functions in L(0,1) satisfying Condition Q. Then there exist two functions p(t) and X(t) such that (a) The curve given by x -p(t), y -X(t) is contained in the subset F of the plane. (b) The functions {[p(t)Y-[X(t)]
COROLLARY. The result of the lemma is valid if (0,1) is replaced by an arbitrary finite interval (r, s). Proof. The proof is very similar to that of Theorems 2 and 3, and is therefore omitted.
